MULTIPLE INTEGRALS - TASKS (I PART)

Double integrals-determination of the limits of integration

The first thing we face with the double integrals is the determination of the limits of integration.
For almost every task we have to draw the picture, so, it is best to as to remind the basic graphics.
(You have a file on the site)

We have two basic types of areas of integration:

1)
If the area of integration D is bounded in left and right sides with linesx=a and x=Db (saya<b),

the top and bottom with continuous functions y,(x) and y,(x) where y,(x)<y,(x) ,then we have:

a<x<bh

»(x)<y<y,(x)

and : ” z(x, y)dxdy = fdxyzjx;(x, v)dy
D a  y(x)

Let's look at the picture:

[ no<r<nm

This is a common situation, when we first solve integral “by dy” where x will be treated as a constant, and then solve

an ordinary integral “by dx”



2)
In the second situation, the area of integration D is bounded from below and above with lines y=c and y=d,

where c<d, and on the left and right functions are expressed through x,(y) and x,(y) , where x,(») < x,(»)

Let's look at the picture:

A
y
d
c<y<d X, ()
C ,,,,,,
 —
(V) <x<x(y)
> X
So:
Consider the area given with :
x(V)Sx<x,(y)
c<y<d
d  x()
then: ”z(x,y)dxdy = Idy Iz(x,y)dx
D ¢ x

Here is the first integral "by dx" and then the integral by dy .
Which type you use depends on the specific situation .

Draw a picture, find sections and then go to work ...



Example 1.

Determine the limits of integration of double integral H z(x, y)dxdy for each possible order of integration if
D

area D is triangle with vertices 0(0,0); A(1,0) and B (1,1)

Solution:

First, we draw a picture :

A y=x

y

B(1

v

0(0,0) A(1,0) X

Line through points A and B, we will find as an equation of the line through two given points.

(if you do not know by heart to determine)
Vo= N

2 l

So: y— O——(x 0) - [y =4

Come to do a border for the first order, look at the picture:

Y=n"= (x—x)

yA

v

0 X go 1 y=0 is the x-axis X

y we look from
“bottom " to “up’




To limit by x we look from left to right. First we come to zero, and thento 1. So: 0<x<1.

When we look at y, first find the x-axis, and we know that it is y=0. On top is line y=x,s0: 0<y<x

0<x<1

AreaDis:
0<y<x

b Yy (x) 1 x
Here we solve the integral given by the limits: H z(x, y)dxdy = J. dx j z(x,y)dy = jdx J. z(x, y)dy
D 0 0

1€

For the second order of integration we have:

Ay

o
X=y

y goes from
Oto 1 X

1
-_—

v

x watch 1
“ from left to right”

v

Now y goes from 0 to 1 looking from the bottom up, so: 0<y <1 .

For x border look from left to right. First, we find the line x=y and then line x=1, so: y <x <1

. 0<y<l1
Area Dis now :
y<x<l1
d  x(y) 1 1
We will do : j j 2(x, y)dxdy = j dy j z(x, y)dx = j dy j z(x, y)dx
D c x(y) 0 y

Example 2.

Determine the limits of integration of double integral “ z(x, y)dxdy for each possible order of integration if
D
area D is a parallelogram with vertices A( 1,2); B(2,4); C(2,7) and D(1,5)

Solution:



We draw a picture:

y

7 c27)

6

5 D(15

4 B(24)

3

2 A(12)

1

1 2 3 4 > x
We need equations of lines through the AB and CD. We will use y—-y, = u(x —x,) and get:
Xy =X

AB: y=2x
CD: y=2x+3

Now we consider the first order of integration:

y goes from
2x to 2x+3

x goes from 1 to 2

1£xL2
and:

Area D is:
2x<y<2x+43

2 (%) 2x+3

ﬁz(x,y)dxdy = j)-dx .[ z(x,y)dy = jdx J- z(x,y)dy

a »(x) 1 2x

And this would be an easier way to solve ...

1 2 3 4 x



For the second order of integration the situation would be a little heavier.

Of course, first we will equation lines AB and CD expressed in terms by X.

AB: y=2x —>ng

CD: y=2xt3—>x=

Pictures:

y-3
2

—
1 'x goes from 1 to y/2

1.2 3 4

picture 1.

»
7 ox

y goes from 4
4105

A2

—»
x goes from 1 to 2

1.2 3 4 x

picture 2.

We have to share the area of integration into three parts:

o
IN
<
IN
N

Lo
[—
IA
=
IA
(NS

Integral is now:

[[ 2 ey = v |

¢ x(¥)

()

b4

z(x,y)dx = }dyi z(x, y)dx + j dyff z(x, y)dx + jf dy
2 1 4 1 5

Y A
7 -
y - from §
5t07 6 3
s b y2— <x<2
4
3
ol
1
1 2 3 4 >
picture 3.
5<y<7
D, :<y—
S Pt D
2
2
I z(x, y)dx
3

-
2



Example 3.

Determine the limits of integration of double integral ﬂ z(x, y)dxdy for each possible order of integration if
D

area D is limited with linesy =x and y=+/4x—x’

Solution:

Curve y =+/4x—x" is a circle but we must first sort out ..

Y=Y =X e, /()
y =4x—-x

X —4x+y*=0

X’ —dx+d|-4+)° =0
(x—=2)Y+y" =4

Intersection we will get by solving the equation system:

y=vdx—x* Ay=x

2x* —4x=0
2x(x=2)=0—>x=0vx=2
x=0—->y=0
x=2->y=2

Picture will be:




The first order of integration will be:

y A

2b
by y( 1 =y

0Sx£2 b 2 (x) 2 Vax—x?
D :{ . and integral will be: H z(x, y)dxdy = J.dx j z(x,y)dy = jdx J. z(x,y)dy
X D 0

a  n) x

For the second order of integration, as in previous examples, we have a little more work ....

First, to express X from y=~/dx—x":

y =~dx—x
V' =4x—x
X' —4x+y* =0

This now solve a quadratic equation:

X' —4x+y° =0
—btb* —4ac 4+\J16—4y" 4+2./4-)°
x12: = =
’ 2a 2 2

x,=24% 4y - we need — x:2—4/4_y2

Now picture :

y goes 0 to 2
2

= I far [ tpar=far |
D: and integral is : z(x,y)dxdy = |dy | z(x,y)dx=|dy z(x,y)dx
2- 4_)’23)‘3)7 D ¢ xqO) 0 o fa



Example 4.

f ) z(x, y)dx

1
Change the order of integration in the integral: jdy
0 ¥

Solution:

5

_y
I z(x, y)dx we can see that:

y

1
From integral jdy
0

0<y<l1
D:{ 4

yﬁxs\/;

From x=y—y=x and \/y =x— y=2x’

Picture:

v

Jy 1
.[ z(x,y)dx = jde. z(x, y)dy

x2

X

<

. 0<
AreaDisnow D:
x*<y<x

1
and integral is: J.dy
0

Example S.

1

1
Change the order of integration in the integral: jdx j z(x, y)dy
0

—V2x-x2

Solution:

Let's “get” a circle and draw a picture:



y =2x—x

X =2x+1y>=0

[ —2xc1]-14)7 =0
(x=1)"+y* =1
Picture:

y=1

(x=1)’+y* =1 —» whole circle

»
>

Y=-N2X =X i 0’

Y =2x-x

X =2x+y" =0

xu:—bi\/;)z—4ac :2J_r\/42—4y2 :2i221—y2 IR RN PR -
a

We have to divide the area into two parts:

=

A\ 4
A\ 4

xand y-fromOto 1

Area D,

10



Integral will be:

j.dx J. z(x,y)dy = jdy j.

1 1
z(x, y)dx + J. dyJ. z(x, y)dx
[ -1 0o o0

Example 6.
2a \/ﬂ
Change the order of integration in the integral: I dy j z(x, y)dx, a>0
0 V2ar-i?
Solution:
Yy A

Painted area is our area of integration ..

To change the order of integration we “see” three areas:

y-from Otoa 0

11



The third part would be:

A

2al-
y - from atoZaI

a<y<2a
D;:q 42
L <x<2q
2a
Example 7.

In dual integral ” z(x, y)dxdy switch to polar coordinates where area D is the circle x° + ) < a’
D

Solution:

To recall the first to go over to polar coordinates (J is the Jacobian)

(x=rcosg

A

P2 r
y=rsin ¢ then: ”z(x, v)dxdy = “z(r COs @, rsin ¢)|J|drdqo = J.dgoj z(rcos @, rsin @)rdr
D D’

(2] 0

l=r
\

Draw picture and go to polar coordinates:

12



yA

a
_a 0 a » X

-a
X =rcos i )

) ¢—>|J|:r this replace in x* +y* < a’

y=rsing
x2+y2 :aZ

(rcos@)’ +(rsing)’ =a’
r*(cos® @ +sin’ @) =a’> we know that cos’ @ +sin’ @ =1

r’=a’—>r=a
So, r goes from 0 to a.

We need whole circuit, and it is clear that 0< @ <27

0<r<a
So: D'= and :
0<p<2rn

”z(x, v)dxdy = ”z(r cos @, rsin (0)|J|drd¢) = T d(pjf z(rcos @, rsin @)rdr
D D’ 0 0

Example 8.

In dual integral ” z(x, y)dxdy switch to polar coordinates where area D is the circle x*+ y* <ax
D

Solution :

To pack a circle first, then we draw a picture:

X’ +y’ =ax

X —ax+y* =0

13



<V

X=rcosQ
. —>|J|=r

y=rsing

X+’ =ax

(rcos @)’ +(rsing)’ = arcos
r>(cos” @ +sin’ @) = arcos @

P =arcosQ —r=acosp

So: 0<r<acosg
. : ) T T
We must be careful in terms of angle, because now we do not need the whole circle, but (see picture) :—3 <p< By

0<r<acosg

So we have : D'= and :

T T
Loz
2 v 2

acosp

”z(x, y)dxdy = ”z(r cos @, rsin ¢)|J|drdgo = J% do I z(rcos@,rsin@)rdr
D D’ _
2

0
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